Abstract. The paper contains a description of a method for the analysis of the complex alpha spectra generated during the measurement of the activity of fi lters outside of a vacuum chamber under environmental conditions. The peaks corresponding to the energies of alpha particles emitted by the specifi c isotopes are particularly large on the low-energy side of the peak maximum, and the energy resolution strongly depended on the applied fi lters. The analysis was based on the non-linear regression to a function designed for four, six and eight parameters. Satisfactory results were obtained for each of these functions, and the best-fi tting results were achieved for the eight-parameter function. In addition, the uncertainties related to the estimated parameters, as well as the signals corresponding to functions that describe the shape of the energy peak, have been evaluated. There are also examples of the implementation of the method with respect to short-lived radon progeny and thoron decay products.
Introduction
In many cases, the spectrometric measurements of radionuclides collected on fi lters must be performed outside of a vacuum chamber, at or close to atmospheric pressure. That is the case with the analysis carried out in air-monitoring stations [1, 2] , as well as with the measurements of the concentration of short-lived radon decay products with impactors [3, 4] and screen diffusion batteries [5] [6] [7] [8] . In such cases, the peaks corresponding to specifi c radionuclides are much wider, particularly on the low-energy side of the peak, and overlap each other. As follows, it becomes necessary to precisely separate the peaks related to the individual radionuclide. An accurate spectrum analysis becomes particularly important when differential measurements are performed, like in the case of the evaluation of the unattached fraction of short-lived radon decay products by the parallel activity measurement of an open fi lter and fi lter shielded by a diffusion screen [8] . Such an analysis can be carried out through the use of non--linear regression and appropriate functions that allow for an accurate representation of the peak shape. The developed method made it possible to achieve valid results with functions dependent on four, six and eight parameters.
Pöllänen and Siiskonen [9] performed detailed deconvolution of such alpha-energy spectra related to short-lived radon progeny collected on the air fi lters that were placed after exposition inside a vacuum chamber to do data acquisition. In most cases, however, there is no possibility to use a vacuum chamber when performing environmental measurements and they have to be done at ambient pressure. During the unfolding of spectra, they applied Gaussian functions to fi t it to the specifi c energy of alpha particles. In this paper, more complex functions were found and used for better fi tting, especially in the region of peak widening and tailing on the low-energy side. New software was necessary to analyse the spectrum using these functions, evaluate the effectiveness of the entire minimizing procedure and calculate all quantities that relate exactly to these functions. Also tested was the effectiveness of the different methods applied to fi nd the minimum value.
This method was applied to unfold spectra obtained during measurements of the unattached fraction of the short-lived radon progeny. The unattached fraction is for the most part below 10 percent, higher in the clean air and lower in the dusty atmosphere. This results in a rather large uncertainty when comparing spectra related to the open-face fi lter and fi lter shielded by a diffusion battery screen used to remove unattached particles from the air stream. Detailed spectrum analysis can reduce uncertainty.
Materials and measurement method
Non-linear regression was used to analyse the alpha radiation spectra of isotopes collected by Nucleopore Polycarbonate fi lters (Costar Corporation, USA) with a thickness of 10 m and pore diameter of 0.8 m, or Pragopor 4 fi lters composed of nitrocellulose (Pragochema, Czech Republic) with a thickness of 150 m and pore diameter of 0.85 m. In addition to thickness, the fi lters differ in the arrangement and orientation of their pores. The Nucleopore Polycarbonate fi lters have pores that are regular in shape, passing through and oriented perpendicular to the surface. In turn, the orientation of the pores in the Pragopor 4 fi lter is disordered, and the air travels a longer distance through its structure. This improves fi ltration effi ciency, but on the other hand, it reduces the energy resolution. For such fi lters, the alpha source becomes considerably more than 1 m thick, causing notable peak widening and tailing, and diffi culties in the analysis [9, 10] .
The spectra that correspond to the both fi lters can be compared in Figs. 1 and 2 . The short-lived radon progeny were collected on the fi lters in the radon chamber of 17 m 3 volume at the same time, and the same condition such as sampling fl ow rate and sampling time. The number of total counts is nearly the same, but the energy resolution is considerably better for the Nucleopore Polycarbonate fi lter (Fig. 1) than for the Pragopor 4 fi lter (Fig. 2) .
The alpha activity of the fi lters was measured by means of an ULTRACAM solid-state detector with an active surface of 1700 mm 2 . Its surface is covered with a 0.5 m aluminium and 1 m emulsion layer, which is the total equivalent of a 1 m aluminium layer for alpha particles. As a result, the energy resolution of the detector is worse compared to conventional alpha detectors, but it better suited for use in harsh environmental conditions. The distance between the fi lters and the detector surface was 2 mm, and the BIAS voltage equals to 30 V.
Algorithm
Spectrum analysis was performed using the regression method, according to which the value of a  2 expressed by the formula (1) is to be minimum: (1) where x i is the number of spectrometer channel, y i the number of counts in the channel x i ,  i = 1/y i the weight indicating the credibility of this result, N the number of spectrometer channels and p the set of parameters that must be optimized to fi nd the minimum of  2 function. It is a problem of non-linear regression due to the chosen form of the F functions. If the analysis includes M independent alpha energy peaks, the function F is the sum of functions representing the M independent energy peaks: 
Three functions have been designed to fi nally solve this problem and for comparison with each other. They depend on four, six or eight parameters, are partially based on the Gaussian function defi ned commonly by three parameters (p 1 , p 2 , and p 3 as in the formulas (3)- (5)) and can be successfully applied to obtain, as a result of the minimization process, a good mathematical representation of the measured results. The spectrum variation on the low-energy side and the greater distance from the peak maximum are not so violent. That is why slowly changing components were added to the Gaussian function in the following formulas:
Parameters such as p 3 , p 4 , p 5 and p 7 merely divide the total channel range into smaller parts, and the functions were designed to be continuous at the ends of these specifi ed intervals. The optimized  2 function is differentiable for such selection, and the gradient descent method can be used as an optimization algorithm. According to this procedure, the direction d should be found, which indicates the decline of the  2 function, and subsequently the value that defi nes the vector d for which it takes a minimum. Such a step-by-step process allows for the calculation of a local minimum. Two methods known in statistics and designed to fi nd the direction were tested. The fi rst one is based on a gradient, and the second is the Newton's method on the Hessian matrix H jr . The third method relies on the matrix M jr constructed on the basis of weighing the values and derivatives of the F function. All of these methods are defi ned as follows:
where L is the number of parameters that describe the function (3)- (5) . Every such function with a particular set of parameters corresponds to a particular alpha peak generated by an isotope, and the appropriate values of these parameters should be found during the minimization procedure of the quantity (1). In turn, the H -H -1 or M -M -1 are inverse matrices. The best results were achieved using the H jr matrix, the M jr matrix or a combination of these methods. In turn, the  number, which indicates the minimum along the evaluated direction, was estimated according to the golden section search method or quadratic interpolation method (gradient or non-gradient). Among these methods, the golden section search was most effective.
The relationship between the output parameters p jO and input parameters p jI after every minimizing operation can thus be expressed as (7) The optimization process was interrupted after some specifi ed criteria reached the accepted value, but only when the condition  2 (p O ) < N -L was satisfi ed. These criteria are defi ned as follows:
The quality of optimization can also be assessed by estimation of uncertainties for the estimated fi nal parameters: (9) In turn, the counts in the x i channel relate to the particular radioisotope that have been calculated based on the optimized function, and the corresponding uncertainties are equal to:
(10)
Short-lived radon progeny and thoron decay products
The alpha energy peaks related to the short-lived radon progeny and thoron decay products col- 212 Po, that emits alpha particles with the considerably different energy (about 8.8 MeV). Hence, taking into account this branching ratio of 212 Bi, the total number of counts corresponding to these radionuclides is (12) In order to compare the uncertainties corresponding to the measurement results and counts estimated on the basis of the optimized function F, the covariance should be additionally considered as in the following formulas:
(13) Table 1 shows the results of fi tting the four-, six-and eight-parameter functions to the peak generated by the alpha particles released during 214 Po decay. Although all curves fi t well to this peak, the best results were achieved for the eight-parameter function, which is precisely matched -even close to the maximum, where the number of counts varies strongly from channel to channel. The difference in quality can especially be observed in relation to the assessment of the energy resolution, commonly defi ned as full width at half maximum (FWHM), which was clearly underestimated for the four-and six-parameter functions. According to the example reported in Table 1 , every minimizing process was completed successfully. The lowest  2 value, however, was achieved for the eight-parameter analysis, as was the case for nearly 60 other completed minimizing procedures. The difference between the measured results and the estimated counts is also the smallest and equals 1.6%. On the other hand, however, such an analysis requires more time in comparison to an optimization with a smaller number of free parameters. In this example, the uncertainties related to the estimated parameters according to formula (9) were 3% on average (0.1 to 8.4%). The lowest uncertainty always corresponded to the p 3 parameter that defi nes the maximum location, and the highest to the p 4 parameter. Figures 3 and 4 show the results of optimization when applying two eight-parameter functions Po isotopes collected in a fi lter. In Fig. 3 , the sum of these functions has been compared with the acquired spectrum in the logarithmic scale. In turn, the separated peaks that correspond to the 214 Po and 218 Po isotopes are presented in Fig. 4 . The residual expressed as difference between measured results and sum of the F 1 and F 2 functions is shown in the bottom panel of this fi gure. The difference is mainly due to statistical errors related to the acquired spectrum, and the relative difference between the total number of counts and sum of the analytical functions F 1 and F 2 , is only 1.2% (Table 2 ). It should be noted, however, that a strong match was also obtained for six-parameter functions. The uncertainties evaluated according to the formula (9) were larger for the F 1 function than for the F 2 function: 0.2-33% compared to 0.04-10%. As in the case of the one-isotope-spectrum, the lowest Table 1 . Optimization of the  2 function for the four-, six-, and eight-parameter functions fi tted for the spectrum generated by 214 
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uncertainty corresponded also to the p 3 and the highest to the p 4 parameter. During the calibration of the alpha spectrometry system, cigarette smoke or aerosols generated from 1% NaCl water solution were applied. The energy resolution FWHM evaluated based on the analytical functions was about 600 and 410 keV for 218 Po and 214 Po respectively when applying the polycarbonate fi lters and smoke aerosols. In the case of water-based aerosol, the FWHM was equal to about 400 and 330 keV for the same isotopes. For nitrocellulose fi lters, the energy resolution was tens of percents worse (Figs. 1 and 2) .
A software Regres was developed to fulfi l all the tasks according to the described algorithm. The program was also verifi ed with help of the Mathematica software by Wolfram Research, Inc., in relation to such calculated quantities as peak area corresponding to given alpha isotopes,  2 value, and uncertainties defi ned in the algorithm.
The software was designated especially to analyse the spectra generated by short-lived radon progeny and thoron progeny. The evaluation of the unattached fraction of the short-lived radon progeny using screen diffusion battery [7] has to be performed very carefully. That is because of low difference between signals related to the attached aerosols, and aerosols consisting of the unattached and attached fraction. The unattached fraction is mainly below 10 percent, higher in the clean air and lower in the dusty atmosphere. That results in rather large uncertainty. When comparing the results of minimizing procedure, the relative difference between measured results and a function describing the peaks, was twice as great for four-parameter function than for the eight-parameter function. That is only if the statistic was at the level presented in Figs. 3 and 4 . Additionally, the evaluated energy resolution, which defi nes the basic capability of the spectrometry system, was also very different for these functions (Table 1) because the four-parameter function did not fi t well to the peak shape in the region of its maximum.
The spectra generated by radon and thoron progeny can be analysed in most cases a posteriori. In emergency situation, however, the spectra have to be evaluated on-line and as soon as possible. That may be the case when smaller number of parameters is preferred but ultimately it depends on the capabilities of the computer system and needs of the users.
Conclusions
The method presented allows for the precise deconvolution of the overlapping alpha peaks and for an accurate assessment of counts corresponding to particular alpha-radioactive isotopes. The condition under which it is assumed that the fi tting is satisfactory,  2 (p O ) < N -L, has been met for each of the defi ned functions. However, the best fi t was always achieved for the eight-parameter function. Where the energy spectrum consisted of more than one peak, the six-and eight-parameter analysis achieved rather similar results. Subsequently, the six-parameter option can be considered a better solution, as it is less time-consuming.
Regardless of the fact that the software has been designated for the radon and thoron progeny, more complex spectra related also to other alpha emitters collected on a fi lter can be analysed by taking into account the defi ned functions describing the corresponding peaks if only the energy resolution is not too low. However, evaluation of the concentration should be done separately and take into account estimated counts and other quantities that correspond to an isotope and measurement procedure such as half-life period, branching ratio, pumping time, fl ow rate during sampling, the interval of spectrum data acquisition, and counting effi ciency.
